On the Time-Modulation of the /?+-Decay Rate of H-like 140 p r 58+ Ion 
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According to recent experimental data at GSI, the rates of the number of daughter ions, produced 
by the nuclear K-shell electron capture (EC) decays of the H-like ions 140 p r 58 + and 142 Pm 60+ , are 
modulated in time with periods Tec — 7 sec and amplitudes asc — 0.20. We study a possible 
time-dependence of the nuclear positron (/3 + ) decay rate of the H-like 140 p r 58 + ion. We show that 
the time-dependence of the /3 + -decay rate of the H-like 140 p r 58 + ion as well as any H-like heavy 
ions cannot be observed. This result can be used as a prediction for future analysis of the time- 
dependence of the /?+-decay rates of the H-like heavy ions 140 p r 58 + and 142 Pm 60+ at GSI for the 
test of the measuring method. 
PACS: 12.15.Ff, 13.15.+g, 23.40. Bw, 26.65.+t 



INTRODUCTION 



1 T he experimental investigation of the EC- 
"%pays of the H-like ions 140 p r 58+ and 142 Pm 60+ , 

& 140p r 58+ ^ 140 Ce 58+ + y ^ 142p m 60+ 

^]N Id 60+ +^, carried out at the Experimental Stor- 
age Ring (ESR) at GSI in Darmstadt showed 
«Mtnodulation in time with periods Tec — 7s of 
ttfife rates of the number Nf c {t) of daughter ions 
^Ce 58+ and 142 Nd 60+ , respectively (see Fig. 1). 
Since the rate of the number of daughter ions is 
rtefmed by [l[ 



dNf c {t) 
dt 



= \ E c{t)N m {t), 



(1) 



Vijere N m (t) is the number of mother 140 Pr or 
ions, a periodic time-dependence can be 
^attributed to the time-dependent -EC-decay rate 

2?rf 
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EC 



(t) = A £C {l + a BC cos + </>)}, (2) 



where 4> and ciec ar e the phase and the amplitude 
of the time-dependent term, which are not well- 
measured quantities 0, Q . 

In turn, periods of the time-modulation Tec 
are measured well and equal to Tec = 7.06(8) s 
and T EC = 7.10(22) s for 140 Ce 58+ and 142 Nd 60+ , 
respectively [lj. Such aperiodic dependence has 
been explained in 0, [(jf in terms of the massive 
neutrino mixing with the period Tec equal to 



T. 



EC 



(Am 2 ,) 



GSI 



(3) 



where M m is the mass of the mother ion |f 
7 = 1.43 is the Lorentz factor [l[ and (A?ti| 1 )gsi 



2.22(4) x 10" 4 eV 2 , calculated in 0] for the ex- 
perimental value Tec = 7s [l|. A relation of 
the value (Am| 1 ) G si = 2.22(4) x 10~ 4 eV 2 to the 
KamLAND experimental data (Am^KamLAND = 
0.80±g;g| x 10" 4 eV 2 0] has been investigated and 
obtained in [f|. 

The EC-decay rate of the H-like 14 °p r 58 + ion, 
averaged over time (\Ec(t)) — ^ec, as well as 
the /?+-decay rate of the 140 p r 58+ -> 140 Ce 57+ + 
e + + v decay have been also measured at GSI [|| : 
A^p = 0.00219(6) s- 1 and A°+ p = 0.00161(10) s" 1 



with the ratio R B ec/i3+ 



1.36(9). 

The calculation of the EC and /3 + decay rates 
of the H-like 14 °p r 58+ ion as well as the He-like 

140p r 57+ j Qn |- )een carr j ec l ou |; m |g| 
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f(Qp+,Z-l), (4) 



where F = 1/2 is the total angular momentum 
of the H-like 140 Pr 58+ , Q H = (3348 ± 6) keV 
and Qp+ — (3396 ± 6) keV are the Q-values of 
the i 4 °Pr 58+ -» 140 Ce 58+ + v and i 4 °p r 58 + -» 



140 



Ce 



57+ 



v decays, respectively; A^gt is 



the nuclear matrix element of the Gamow-Teller 
transition 



M 



2g A G F V ud / rf 3 rfj(r)$ m (r), (5) 



GT 



where ^(r) and \& ro (r) are the wave functions 
of the daughter and mother nuclei, respectively, 
and \f^(r)\l/ m (r) ~ p(r) is the nuclear matter den- 
sity p(r) having the Woods-Saxon shape with B = 
1.1 A 1 / 3 fm and diffuseness parameter a = 0.50 fm 
floT |. Then, ip[f^ is the Dirac wave function of 
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FIG. 1: The experimental non-exponential time- 
dependence of the rate of the number of daughter 
ions, given by Eq.fT]), in the EC-decays 140 p r 58 + -> 

140 Ce 58+ + v and 142p m 60+ ^ 142^60+ + y rf ^ 

H-like 140 Pr 58 + and 142 Pm 60+ ions, respectively. 



the bound electron in the ground state, Z — 59 is 
the electric charge of the mother nucleus 140 Pr 59+ . 
The average value of the Dirac wave function of 
the bound electron (ipiP) is defined by Q 



(z) . Jd^4 z J(f)p(r) 



1.66 



j<Pxp(r) 



(6) 



where as = l/m e Za = 897 fm for the elec- 
tron mass m e = 0.511 MeV and the fine-structure 
constant a = 1/137.036. In the /3 + -decay rate 
f{Qp+,Z- 1) = (2.21 ± 0.03) MeV 5 is the Fermi 
integral 0] . The theoretical prediction for the ratio 



''EC/0- 



1S 



of the /3+-decay rate of the H-like 140 p r 58+ ion. 
Its experimental investigation should be a strin- 
gent test of the applied single-ion Schottky mass- 
measurement method. 



AMPLITUDES OF THE /3— DECAY OF 
THE H-LIKE 140 p r 58 + ION 

Following [4j, for the calculation of the time- 
modulation of the /3 + -decay rate of the H-like 
i40p r 58+ j Qn we uge time-dependent perturbation 
theory. The Hamilton operator Hw (t) of the weak 
interactions is given by 



Gp 

71 



V ud J2U e 



x Jd 3 x[Mx)r(l-9A7 5 )M^)} 
x [^.(a;)7 / ,(l-7 5 )Ve-(a;)] 



(8) 



with standard notations [4| . In our analysis neutri- 
nos Vj {j — 1,2,3) are Dirac particles with masses 
m 3 (j = 1,2,3) 0. 

The amplitude of the /3 + -decay of the H-like 
i40p r 58+ j Qn w ^] a undetected neutrino we define 
as a coherent sum of the amplitudes of the f3 + - 
decays l 4 °Pr 58 + ^ 140 Ce 57+ + + v . gj| 



(It 



MFM F ~>F'M F ,{t) = -i 

x (^-(fc>+(p + Mg))|iW)M0))dT, 
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(9) 



where m and d are the mother ion 140 p r 58+ and the 
daughter ion 140 Ce 57+ , respectively. The mother 
ion is taken in the state 140 Pr 58+ 1 with F = h and 

5 n, 

Mf = ±5 and in the rest frame [4|. In turn, the 
daughter 140 Ce 57+ ion is a H-like ion in the state 
with F' = | and M F / = ±±. 

The wave function of the neutrino Vj we define 
in the form of a wave packet [J, |6j 



pth 

It EC/p+ 



(2) 



f(Q 0+ ,Z-l) 



= 1.40(4), (7) ^(f,t) = (2nS 2 ) 3/2 



which agrees well with the experimental data 

Rec/ P + = L36 ( 9 )- 

According to 0, a time-dependence of the 
rate of the number of daughter ions in the (3 + - 
decay of the H-like 140 p r 58 + ion has not been stud- 
ied experimentally until now. 

In this paper we apply a theoretical ap- 
proach, developed in for the analysis of the 
time-modulation in the -EC-decay of the H-like 
140 Pr 58+ , to the study of the time-dependence 
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where a spatial smearing of the neutrino Vj is 
determined by the parameter S, kj is the neu- 



trino momentum and Ej(k) = yk 2 + m 2 is the 

energy of a plane wave with the momentum k, 
Uujik^Vj) is the Dirac bispinor of the neutrino 

oo, due to the relation 



Vj \4 1 . In the limit 5 



(2w6 2 ) 3 / 2 e 
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the wave function (JTUJ) reduces to the form of a 
plane wave [4JL 

Following [3] and [§] we obtain the amplitudes 
of the f3 + -decay 
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where F{Z — 1, S + ) is the Fermi function (see 
also Q), describing the Coulomb repulsion be- 
tween the pos itron and the nucleus 140 Ce 58+ . It 
is equal to [11 1 



F(Z-l,E+) 



2 v r 2 (3 + 2 7 ) 



_ n(Z-l)aE + 

e p+ 



r 1 + 7 



a(Z - l)E+ 



E\ -ml, R = 5.712 fm, Z 



(13) 
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where p + = 

and 7 = y/l-((Z -l)af - 1. 

After the integration over the phase volume of 
the daughter ion, the directions of the positron mo- 
mentum p + and the limit e — > we arrive at the 
following expression for the rate of the neutrino 
spectrum 



dN v (t) 



1 
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(7H5 2 ) 3 / 2 



di 2F + 1 71 
/ (2^)5(0,3+ - m e - B+ - £„) 



x (l-7 5 )w e +(p+,ff+)]^ M ',-i 



(11) 



For the calculation of the amplitudes Eq. (fTT|) we 
have carried out the integration over k with the 
((-function (2tt) 3 (k + kd + P+) and denoted 
AEjjkj) = Ed{k d )+E + {p + ) + E j {k j )-M m , where 
Ed[kd), E + (p + ) and Ej(kj) are energies of the 
daughter ion, positron and neutrino Vj, kd, p+ and 
kj are their momenta and M m is the mother ion 
mass. For the calculation of the integral over time 
we have used the e-regularization [4]. Finally the 
parameter e should be taken in the limit e — > 0. 



TIME-DEPENDENCE OF THE /3 + — DECAY 
RATE OF THE H-LIKE 140 p r 58 + ION 
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where Afcy = (ki-k )/2 and e S (& k ij) are kept 
as input parameters [4j. 

For the calculation of the r.h.s of Eq. (fll| we have 
set neutrino masses zero everywhere except in the 
energy difference Ei(ki) — Ej(kj) [4j]. Then, due 

to the exponential function e v 2 / the neu- 
trino momenta are constrained by fcj ~ fcj = 0] . 
In such an approximation we get Ej(kj) ~ E u ~ 



According to 0, the hrst step to the calculation \ k I and E i( k i)~ E j( k j) - V E Z + m i-y E » 



of the time-dependent /3 + -decay rate a£ (£) of the 
H-like 140 p r 58 + ion is the calculation of the rate of 
the neutrino spectrum N v (t). It is defined by [3| 

dN u {t) = 
di 



In terms of the rate of the neutrino spectrum the 
time-dependent /3 + -decay rate is defined by [4| 
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FIG. 2: Time-dependence of the /3 -decay rate of 
the H-like 140 p r 58 + ion on the time-interval equal to 
2Tec = 14 s. 



For 9 1 3 =00 (see also we deal with two- 
neutrino mass-eigenstates and obtain 



A/3+ 



(16) 



where is given by Eq.((4|) and Rp+(t) is equal 
to 

R 0+ (t) = sm29 12 e~ d ^ kl2 ) / dE+E+ 
x J El -mi {Q 0+ -m e -E + f F i Z ~^ E +) 



f(Qp+,Z-l) 



X cos 



m e - Ej, 



(Qp+ - m e - E + f + m{)t 



(17) 



For the numerical 



calculations 
0.20 



sin 20i2 e~ S ( Afc i2) = 0.20 4] and 
Qp+ = 3396(6) keV @. 

The time-dependent part of the /3 + -decay rate 
of the H-like 140 p r 58 + ion on the time-interval 
equal to 2Tec — 14 s, i.e. two periods of the time- 
modulation of the -EC-decay rate of the H-like 
I40p r 58+ i orl] j s ghown in Fig. 2. For the calculation 
of Rg+(t) we have used neutrino masses rrij(R), 
obtained in [f| and corrected by the interaction of 
massive neutrinos with the strong Coulomb held of 
the daughter nucleus 140 Ce 58+ [5(. It is seen that 
the [3 + -decay rate varies in time much faster than 
the EC-decay rate of the H-like 140 p r 58+ ion. 

In the measurement of the time-dependence of 
the /3+-decay rate of the H-like 140 p r 58+ ions the 
time-spectrum of the decay is defined by the time- 
intervals AT = 5 x ATbin, caused by 5 bins with 
the length ATbin — 64 ms each. This leads to the 
experimental value of the (3 + -decay rate, averaged 
over the time-interval AT = 5x ATbin = 0.32s. 
Due to the rapid variations of Rp+(t) a modula- 
tion of the time-dependence of the f3 + -decay rate 
A /3 + (t) of the H-like 140 p r 58+ ion is not observable 
in an experiment. 



We have studied the time-dependence of the 
/3+-decay rate A /3 + (t) of the H-like 140 p r 58+ ion. 
For the calculation of A«+ it) we have followed the 
approach, proposed in [4[-[6| as applied to the ex- 
planation of the time-modulation of the TC-decay 
rate of the H-like 140 p r 58+ ion. We have found 
that the time-dependent term of the /3 + -decay 
rate varies very rapidly in time, which makes such 
a time-dependence unobservable. This result can 
be used as a prediction for future analysis of the 
time-dependence of the /3 + -decay rates of the H- 
like heavy ions 14 0p r 58 + and 142 Pm 60+ at GSI for 
the test of the measuring method. 
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